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Abstract. We investigate the behaviour of quantum fields coupled to a spacetime geometry 
exhibiting finite regions of Euclidean (Riemannian) signature. Although from a gravity 
perspective this situation might seem somewhat far fetched, we will demonstrate its direct 
physical relevance for an explicitly realizable condensed matter system whose linearized 
perturbations experience an effective emergent spacetime geometry with externally controllable 
signature. This effective geometry is intrinsically quantum in origin, and its signature is 
determined by the details of the microscopic structure. At the level of the effective field theory 
arising from our condensed matter system we encounter explicit anisotropic scaling in time 
and space. Here Lorentz symmetry is an emergent symmetry in the infrared. This anisotropic 
scaling of time and space cures some of the technical problems that arise when working within 
a canonical quantisation scheme obeying strict Lorentz invariance at all scales, and so is helpful 
in permitting signature change events to take place. 



1. Motivation 

Recently much attention has been paid to the possibility of ad-hoc construction of quantum field 
theories with a certain degree z of anisotropic scaling between the space and time dimensions 
— this anisotropic scaling often significantly improving the ultraviolet behaviour. See for 
example [il EJ [3l H] and El [TJ El [U [10] . Wide-scale interest in these ideas was largely ignited by 
Hofava's specific model for quantum gravity in 3 -|- 1 dimensions, based on anistropic scaling at 
the 2; = 3 Lifshitz point [3 Hj , but the basic ideas have much wider applicability — for instance 
it is possible to extend these ideas to general spatial dimensions [H [H O [H El El E] , such that 
the engineering dimensions of space and time are of degree z = d, such that 

[dx] = and [dt] = {kY\ (1) 

Here d is the number of spatial dimensions, and k is a placeholder with dimensions of momentum. 
Based on the anisotropy between space and time it is possible to modify the Einstein-Hilbert 
action of general relativity, adding one kinetic and several higher order spatial curvature terms, 
containing up to 2d spatial derivatives. See for example [SlHlElI^- It is worth emphasising 
that these models do not need (or even permit) more than 2 time derivatives. There are strong 



indications that such a quantum gravity model based on anisotropic scaUng exhibits vastly 
improved behaviour at small scales, which alters the theory to be renormalisable (possibly even 
finite) , at the cost of giving up Lorentz symmetry as an exact symmetry (Sj 0] . 

Shortly after Hofava's papers on this quantum gravity candidate [3111], anisotropic scaling 
was adapted for use as a regulator for scalar polynomial quantum field theories, thereby throwing 
light on their renormalizability properties [5]. The free Lagrangian (for a scalar field with mass 
lUs) in this proposal is given by 



It has been shown that in d + 1 spacetime dimensions subject to z = d anisotropic scaling 
arbitrary polynomial interactions of the form P{(j)) = '^n=i 5" '^"^ perturbatively ultraviolet 
finite when normal ordering is applied. Even without normal ordering this quantum field theory 
is perturbatively renormalizable. 

As already mentioned above, in both proposals the ultraviolet modifications are more or 
less chosen ad-hoc, with hindsight showing that one gets a better ultraviolet control over the 
quantum behaviour of the gravitational / scalar field. In this spirit we think it may be interesting 
to note that there is a physically realistic class of condensed matter systems that naturally 
exhibit some of the features predicted in equation ([2]). A specific example of such a system is 
an ultra-cold gas of bosons in its superfluid phase, referred to as a Bose-Einstein condensate 
(BEC), or more generally any condensed matter system exhibiting a Bogoliubov dispersion 
relation. It has been well established, see [I H 112 1 Il3 | 1141 115j . that small perturbations around 
the condensate experience an effective / acoustic / emergent spacetime geometry. In this context 
Lorentz symmetry is not an exact symmetry, it is emergent \16\ [T71 [TSl [T9| [20l [2T] . Previously, 
see [n\ [22] , we have shown that the signature of the emergent spacetime geometry is related 
to the nature of the interaction between the fundamental bosons, and that it is possible to 
drive (sudden) finite transitions between periods of different spacetime signature. With certain 
technical assumptions (including a translation invariant background condensate) we can show 
that the linearised BEC resembles a scalar field with anisotropic scaling, as suggested in [5], 



Here cq is the speed of sound (which takes the role of the speed of light c within the context 
of emergent spacetimes), jgp is associated with the microscopic substructure, the elementary 
bosons, while the low-momentum speed of sound cq depends on the condensate. However in a 
more general emergent spacetime background (especially once the background is not translation 
invariant) the effective free field action is considerably more complicated and has to be treated 
with care \17\ 123] . Since the degree of anisotropy is in this case (only) z = 2, the modifications 
are not sufficient to cure all problems associated with finite regions of Euclidean (Riemannian) 
signature. Without anisotropic scaling the particle number-density produced from finite regions 
of Euclidean (Riemannian) signature is given by 



This corresponds to a particle spectrum that is exponentially increasing both in wave-number 
k, and in the length ("duration") of the Euclidian region At. For a detailed discussion on the 
subject consult [17^ 122] . This result shows that regardless of the number of spatial dimensions 
and the mass rUg of the particle, the number-density and energy density of the excitations 
is infinite, and thus the quantisation scheme at hand breaks down. We will see that adding 
anisotropic scaling in the ultraviolet greatly improves the situation. 






(3) 



Nk = sinh^ y'm^+l^ At 



(4) 



2. Emergent spacetime with anisotropic scaling 

In the following discussion we will introduce a "real life" example where the notion of geometry 
is emergent. The emergent spacetime we are going to study closely involves: (i) a microscopic 
system consisting of an ultra-cold weakly interacting gas of bosons; (ii) which exhibits (after a 
first-order phase transition) a mean-field regime where the microscopic degrees of freedom give 
way to collective variables; (iii) small perturbations above the ground state which are dominated 
by a 'geometrical object', a symmetric second rank tensor; (iv) Lorentz symmetry as an emergent 
symmetry in the infrared, while at higher energies the effective field theory shows anisotropic 
scaling in time and space; (v) the signature of the emergent spacetime is of microscopic origin 
and can be 'switched' by the application of external magnetic fields. 



(i) Microscopic system 

The microscopic degrees of freedom at hand are represented by individual quantum field 
operators that act on quantum states (Hilbert space of states; e.g., Fock space), creating, 
'0^(t,x), or destroying, ip{t,:x.), an individual boson at a particular point in space and time. 
These operators satisfy the usual boson commutators [Ml [25] : 



0; 



i^it,^),iP\t,x')\ =5(x-x'). 



The Hamiltonian of the microscopic system is chosen to be non-relativistic. 



(5) 



(6) 



and obeys SO{2) symmetry transformations of the form ip ^ ip exp(ia). The Hamiltonian is 
a sum of the kinetic energy of the boson field, and two potential energy contributions: the 
external trap potential K;xt) and the quasi-particle interactions. The extreme dilution of the 
gas (typically 10^'^ — 10^^ atoms/cm'^) suppresses interactions involving more than two particles, 
and in the weakly interacting regime the actual inter-atom potential has been approximated by 
a pseudo-contact potential 

C/=l^. (7) 



m 



Here m is the single-boson mass, and a the s-wave scattering length. 



(ii) Mean-field regime 

Under an appropriate cooling process (one that protects the gas from solidification through a 
first-order phase-transition) a new state of matter will occur, the Bose-Einstein condensate. 
The condensate is a complex-valued macroscopic mean-field that is a result of a spontaneous 
breaking of the 5*0(2) symmetry, such that the field operators for topologically trivial regions 
(without zeros or singularities) acquire non-zero expectation values, 

{i;{t, x)) = V(t, x) = Vno(t,x) exp (i (/.o(t, x)) / 0. (8) 



The individual microscopic degrees of freedom give way to collective variables, such as the 
condensate density no = no(t,x), and the phase 4)q = (/)o(t,x) pH [25]. 



(iii) Emergent metric tensor 

The emergence of a geometrical rank two tensor enters (in a by now quite standard manner) at 
the linear level after an expansion around the mean-field variables [26] . In terms of the hermitian 



density n and phase (j) fluctuations we have [Ml [23l [T7] : 



V'lijx) + (5'0(t,x) 
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(9) 
(10) 



Form the usual boson commutators of equation ([5]), it is straightforward to show that the new 
operators are a pair of canonical variables: 



n{t,yi),n{t,ii!) = 0(t, x), 0(t, x') 



; and 



h{t,x.),(j)(t,x') = i(5(x — x') . 



(11) 



By assuming the perturbation to be small, allowing us to neglect quadratic and higher-order 
products of the perturbation field (5^, and working within the hydrodynamic limit ('long- 
wavelength' limit), for low- momentum modes we are able to express the excitation spectrum 
in a very compact and insightful way: 



1 



da 



Here we have introduced the "acoustic metric" 



0. 



(12) 
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(13) 



a covariant rank two metric tensor, whose entries are purely collective variables. For a detailed 
derivation see [121 EZl ES] • The conformal factor depends on the spatial dimensionality, d, of the 
condensate cloud. Here we have introduced the background velocity of the condensate as 



m 



V0O, 



(14) 



and the propagation speed for excitations within this hydrodynamic approximation simplifies to 
a common sound speed given by 

2 noU 



Co 



m 



(15) 



In the same manner that we eliminated all (explicit) occurrences of density perturbations in the 
excitation spectrum, it is possible to show that the commutation relation ()lip can be re-written 
solely in terms of the field (j) and its conjugate momentum H^ on the effective curved spacetime 
geometry: 

n(t,x),(^(t,x')l =i6{x-x')^ U(t,x),n7(t,x')l =i5{x-x). (16) 



(iv) Emergent Lorentz symmetry and anisotropic scaling 

Within the context of emergent spacetimes Lorentz symmetry is not an exact symmetry. Low- 
energy / infrared excitations around the macroscopic field, which describes the vacuum state 
of the system, experience an emergent Lorentz symmetry. This symmetry will be broken in 
the high-energy / ultraviolet regime, that is at scales dominated by the underlying microscopic 
theory. These corrections are of a non-perturbative nature involving only higher spatial 
derivatives [H dZl [I8l [H [20l EH ES] . 



It is possible to incorporate these non-perturbative corrections into the derivation of 
the effective spacetime geometry by formaUy replacing the interaction strength U with an 
appropriate differential operator: 



U^U = U-^D,; where 3, = U (Jl^of^^!!^ _ Y^y ^ 1. 
2m 2 [ n, 







V + — VH. (17) 
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This replacement now leads to an integro-differential equation, 



da(f 



cab 



(18) 



where we have introduced a matrix f with inverse-differential-operator-valued entries: 



In general U ^ is an integral operator which can be formally expanded as 
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(19) 



(20) 



Note that we additionally require that there exists an (inverse) metric tensor g such that 
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(21) 



where g is the determinant of gab- Then the connection is formally made to the field equation 
for a minimally coupled massless scalar field in a curved spacetime; see equation (fT3|l . Let us 
rewrite this (for more details see [23]) as 



where b = \ -^V + 

W riQ J no no 



(22) 



and further take no(t,x) = const and U{t,x.) = U{t), so that the background is translation 
invariant. We then get co(t,x) = co{t), and see that 



(23) 



and 



n=l 



Co 



n 2n 



A" 



(24) 



^ The formal series converges only on the subspace of functions spanned by the eigenfunctions whose eigenvalues 
satisfy 

/ fc2 



Here is constant and only depends on the mass of the fundamental bosons: 

- A 
Im 



(25) 



Therefore it can be seen that the whole notion of an emergent spacetime geometry is, even 
under this very simplified situation, difficult to set-up if we are outside the validity of the 
Lorentz invariant regime, and one practically has to give up the notion of geometry. However, 
in cases of an isotropic spacetime, such as FRLW spacetime it is very simple to construct the 
effective field theory, since a mapping onto momentum space is trivial, A — > —k"^, and 
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(26) 



Altogether for = on a translation invariant background, we have 



= ^idiag 



ff^i no no no 
m m m 



For the equation of motion we see 



which we re-write as 



W +(/«)- V*^5.a,'^ = o, 



W-(c2A-72pA2)0 = O. 



(27) 



(28) 



(29) 

Subject to these approximations, and the simplifications imposed on the condensate background, 
we are able to associate the effective field theory of our BEC system with the specific case of 
anisotropic scaling at z = 2: 



5, 



(1) 

BEC 



J {<P^-<p[-clA+-flA^] 0} dtd« 



A change to momentum space leads to the well-known Bogoliubov dispersion relation 



2 1,2 _L ^ 

CqK -t Jap ■ 



(30) 



(31) 



Therefore we are able to connect the anisotropic scaling at z = 2 with an emergent Lorentz 
symmetry for momenta below the effective Lorentz breaking scale. 



« 4. 

Iqp 



(32) 



For further information about the role of Lorentz symmetry breaking within the emergent 
spacetime / analogue models for gravity / acoustic metric programme see [ISl [IHl [IHl [201 ED 



(v) Signature and signature change events 

The signature of the emergent spacetime geometry can easily be read off by setting 0. 
This can always be done locally, and we can read off the pattern of metric eigenvalues from 
equation (fTSll : 

-Co 
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(33) 



Since Cq ~ C/ we are able to relate the signature of the emergent spacetime geometry with the 
qualitative behaviour of the atom-atom interactions, here approximated with a purely contact 
potential only accounting for s-wave scattering processes [I6l HTJ [23] . (Certainly this particular 
approximation is a significant weakness of the whole ansatz, and it would be interesting to 
extend the analysis towards a more realistic interaction potential.) Experimentally it is possible 
to drive transitions between negative and positive values of U , where 

[/ > repulsive ; 

(34) 

[/ < attractive . 

Such changes in the sign of the interaction are accessible by tuning external magnetic fields that 
interact with the inter-atomic potential; this process is called Feshbach resonance |29j . This is 
not just an "in principle" possibility, since in 2001 a BEC experiment |30ll31j was carried out that 
can be viewed as the first emergent spacetime experiment involving particle production resulting 
from a signature change event, see |17[ I22j. For a detailed discussion regarding the behaviour 
of the effective field theory exposed to a finite region of Riemannian signature consult [171 . 
There it has been shown that at very high momenta, due to the anisotropic scaling of time and 
space, the number of quasi-particles being produced in sudden signature variations of the form 
Lorentzian-Euclidean-Lorentzian, (—,-!- + +) — > (+, -I--I--I-) — > (— , -|--|--|-), scales asymptotically 
as ~ k~'^. Therefore 

N<^k ~ 2^^- V j dk k'^-^ k-^ ~ k'^-^. (35) 

That is, the total number of quasi-particles produced is finite, as expected on physical grounds. 
However, it is easy to see that the total energy emitted, 

E^j, = 2^^"^ f dk k'^-^ Nk ujk ~ [ dk k'^~^ k~^ ~ A;'^"^ (36) 

Jk Jk 

is still infinite. This interesting effect is due to the specific behaviour of the coefficients 
characterizing the anisotropic scaling — only the fe^-term in the effective Lagrangian is affected 
by the Feschbach resonance, while the k^-term remains — at the linear level — unaffected: 

{<^2 _ ^ [_c2 A + A2] </,} ^ {<^2 _ ^ [^^2^ ^ ^2^ ^2] ^| ^ |^2 _ ^ [_^2^ ^ ^2^ ^2] ^| _ 

(37) 

Therefore at energy scales k'^ ^ '^o/lqp the higher spatial derivatives (which in fact define the 
z = 2 Lifschitz point) are unaffected: 

{02 _ ^ [^2^ 0} ^ {^2 _ ^ [^2^ a2] 0} ^ {^2 _ ^ [^2^ A^] . (38) 

However we would like to emphasise that this linear regime is only applicable to some limited 
extent, since ultimately three-body losses (and consequently backreaction effects) will play a 
rapidly growing role with the increasing duration of the attractive interaction / Riemannian 
signature regime. 

3. Summary and conclusions 

We have discussed the concept of a spacetime emergent from a Bose-Einstein condensate, and 
the possibility of signature change events within this context [171 [22l [32l [33l [M] ■ The recent 
interest in quantum gravity models sacrificing Lorentz symmetry as an exact symmetry in order 
to obtain better control of the ultraviolet behaviour of quantum gravitational / field excitations 
[IlElEllllElEllTllEllU [To] , has motivated us to emphasise some of the features that 'anisotropic 



scaling' and the presence of Lorentz- violating Lifschitz points may contribute to the subject 
of condensed-matter emergent spacetimes. We have, in brief, demonstrated how spacetime 
geometry — as seen by quasiparticle excitations — emerges from a mean-field structure that 
is truly quantum in origin |12j . Although this model has no direct connection or application 
to the search of a quantum theory of gravity, we have shown that it nevertheless exhibits some 
(but not all) of the features that are essential to Hof ava-Lifschitz gravity. The key features are 
that Lorentz symmetry is an emergent symmetry in the infrared, and that the non-perturbative 
terms added at the level of the effective field theory are anisotropic in space and time, involving 
only higher spatial derivatives. In fact, these two features seem to be common to all known 
emergent spacetimes, independent of the specific media from which they are emergent — e.g., 
water, superfluids, electromagnetic waveguides, etc. 

Coming back to the specific model at hand, the Bose-Einstein condensate, we would like 
to point out that the free-field description for small perturbations is only an approximation. 
We are, strictly speaking, dealing with an interacting field theory, but due to the anisotropic 
scaling naturally built into the effective field theory the ultraviolet regime has some advantages 
compared to conventional field theories. A specific way to explore this is by exposing the 
effective field theory to one of the most drastic gravitational scenarios possible (besides curvature 
singularities): signature change events. While for a, z = 1 (Lorentz invariant) scaling of time 
and space the canonical quantisation scheme applied to quantum field theories on Riemannian 
manifolds breaks down, predicting infinite quasi-particle production per unit volume, we see 
that in contrast z = 2 anisotropic scaling is already sufficient to render quasiparticle production 
finite. It is straightforward to show that at z = 3 the energy density per volume will also be 
finite [ISIIITIIISIESIES]. 

The main lesson to be taken from the discussion is that nature quite naturally supplies us with 
little role models equipped with both of the desired features, both emergent Lorentz symmetry 
and anisotropic scaling. 
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